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Abstract 
In this paper, we consider the long-term behaviour of a loaded cable subjected to different types of periodic 
forcing. Numerical evidence is presented, showing how long-term behaviour depends on initial conditions, and 
can be either large or small. 
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1. Introduction 
In this paper, we begin the study of two related phenomena, namely the question of galloping 
cables and the question of the response to periodic forcing of cables in suspension bridges. 
In modelling their behaviour, we shall discretize what is essentially a continuous problem and shall 
use numerical computation to make some conclusions about what is “natural” behaviour for these 
dynamical systems. 
In this, we shall be following an honourable tradition. In 
for the large vibrations of a string in a plane. He regarded 
finite collection of beads joined by massless springs as the 
their total mass remains fixed. 
1744, Euler derived the correct equations 
the equations as the limit of those for a 
number of beads approach infinity while 
Rather than follow Euler to the infinitesimal limit, however, we shall solve the problem computa- 
tionally for various different numbers of particles, and when we find that convergence is achieved, 
that is the behaviour stays the same even as we increase the number of particles, then we believe that 
we have obtained a true solution of the mechanical system. 
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The main ingredients of the system we shall study will be (a) a cable suspended between two 
supports of equal elevation, (b) the gravitational load on the cable which keeps it in a state of 
tension near equilibrium, and (c) some additional external forcing term due to some extraneous 
physical situation. This additional forcing term will be assumed to be periodic in nature. 
The reader can easily see how these ingredients would be present in the two situations mentioned 
above. In the case of galloping cables, the cables would be under the influence of additional gravi- 
tational forces due to ice formation, as well as periodic forces that might be either aerodynamic in 
origin, or might arise from the vibration of the supporting towers. 
In the case of the suspension cables, the cables are kept in an equilibrium position of extension by 
the suspended weight of the road-bed, and periodic forces would be exerted either by the aerodynamic 
effects of the wind on the road-bed or by the oscillations of the towers. The oscillation of the towers 
could be induced by motions of the side-spans, or wind effects on the towers, or wind effects on the 
cable system. These oscillations in the towers have been observed in the case of the Tacoma Narrows 
bridge to occur either in phase or out of phase. 
The “small-oscillation” theory for both of these systems is well understood. One can calculate 
an equilibrium deflection, and assuming that the deflections are perpendicular to the equilibrium 
curve, one can linearize and obtain that the small vibrations should obey something like a vibrating 
string equation, in which the period, amplitude and node of the oscillation are directly determined 
by that of the forcing term. The question we start to address in this paper is what happens when the 
amplitude of the motions, either through random gusts or other perturbations, escapes from the linear 
small-oscillation range. 
“Linear thinking” would suggest that in the presence of damping (which is in all the systems we 
treat), the cable ought eventually settle back down to the small oscillation after a suitable interval of 
transient behaviour. However, there is a substantial body of work which suggests that as the system 
goes from a regime of extension to one of slackness, large-amplitude periodic solutions can exist, and 
even in the presence of a small forcing term and damping, a single random push can be sufficient 
to send the system from small oscillation to sustained large-amplitude and potentially destructive 
oscillation. 
In this paper, we present numerical evidence that this phenomenon occurs in the above physi- 
cal situation. An additional bonus is that we discover that even in the presence of solely vertical 
forcing, pronounced longitudinal motions can occur. While we did not anticipate this conclusion, it 
turns out that this has been a long-standing problem in suspension bridge cables, requiring that the 
Bronx-Whitestone bridge, for example, be substantially modified to stop this behaviour after it was 
constructed. 
The outline of this paper is as follows: in the next section, we shall set up the physical model 
and equations which we shall use throughout the paper. In Section 3, we shall present our main 
conclusions for the continuous case, namely, those conclusions which we know to remain unchanged 
even as we refine the discretization by factors of two or four. We shall describe the large-amplitude 
responses to a variety of forcing terms, including different nodal types, and displacements at the 
endpoints. 
In Section 4, we shall describe the cable responses when the supporting towers undergo periodic 
displacements. 
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2. The basic mechanical and mathematical model 
We will treat a cable as a series of equally distributed point masses connected by nonlinear springs 
with the same unstretched lengths. To model the cable behaviour, the springs resist extensions but 
not compressions. The restoring forces are presumed to be proportional to the extension (but not 
compression) of a one-sided spring joining the two particles. Usually, they are subject to vertical 
periodic forces. Damping force will be assumed to act in a direction opposite to the direction of the 
motion with a magnitude proportional to the instantaneous velocity. 
We consider a cable which is hung between two fixed points at the same vertical level and distance 
L apart. Let the line joining the two supports be the x-axis with these two fixed points located at 
x = 0 and x = L. Let the instantaneous position of the ith particle be (xi(t) , yi( t) ) at time t with the 
positive directions for x and y as shown in Fig. 1. 
Then, Newton’s second law and Hooke’s law immediately give rise to the following equations: 
d*xi 
pZ= =-k(Pi-IPi- Z)+COSBi+ k(PiPi+l - Z)+COSai-Cl%, 
d*yi - 
pZ= = -k(Pi-lPi - I)+ Sin8i + k(PiPi+* - Z)+SiIlCXi - Cl% + pig + If(zi, t). 
(1) 
Here, Ri = i Ax/L, and AX = L/( Nf 1). The term Pi-1 Pi is the distance between Pi-1 and Pi at time 
t, and similarly for PiPi+*, 1 < i < N. In particular, Po(x~,yo) = P,(O,O) and PN+l(~N+l,yN+l) = 
PN+I (L, 0) are the two stationary supports. 
The mass periodic unit length of unstretched cable is denoted by p and the unstretched length of 
the spring between two point masses by Z. The spring constant is denoted by k = EA/Z, where E is 
Young’s modulus and A is the cable cross sectional area. The damping coefficient per unit unstretched 
length is denoted by c, and the acceleration due to gravity by g. The angles that the cables make 
with the x-axis, which are shown in Fig. 1 (b), are denoted by Bi and ai. Moreover, the notation u+ 
is defined as 
u+ = 
{ 
u, if 2.4 > 0, 
0, if u < 0. 
(2) 
Such a nonlinear term considers the fact that when the cables are stretched, there are restoring forces 
which are assumed to be proportional to the amount of stretching. But when they are compressed, 
then there is no restoring force exerted on them. 
Substituting the geometrical relationships between angles and lengths into (1) and dividing by 
mass give the following equations: 
d’& k 
dt* = -ji (\/(xi-xi--1)2+(Yi~~i-1)2~Z)+ ,xi_x,“:,T<\,_yi_,j2 I I 
+ j$( Cxi+l - xi)2 + (Yi+l - .Yi)’ - Z)+ 
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Fig. 1. (a) A discrete representation of a hanging cable supported at both ends. (b) An expanded picture of the encircled 
part of (a). 
Yi+l - Yi C dYi --- 
(Xi+1 - xi>2 + (Yi+l - Yi12 P dt 
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Here, x0(t) = 0, xNfl (t) = L, yo( t) = 0, yNfl (t) = 0, 1 < i < N. 
The forcing term f(&, t) is taken to be A sin ,ut sinrr&, which is the form of a standing wave. If 
the forcing amplitude A is small, we expect that there exists a small-amplitude solution, close to the 
solution of the system of the linearized differential equations about the equilibrium position, when 
the nonlinearity effect is not important. 
If we are studying the small-amplitude solutions, we expect the linearized model to give good 
agreement. The question, of course, is whether the nonlinearity gives qualitatively different solutions 
at large-amplitude oscillations. 
Let 
u = (xl 9 yl~ . . . , XN, ydT, F=(Fl,Gl,..., FN,GN)T. 
Then the given nonautonomous system becomes 
d2u 





iz(j/Cxi -Xi-112 + (Yi- Yi-l12- I)+ (xi _x,“:,T,Z, _y,_ >2 
1 I 1 1 




_ y.>2 - $2, 
r+l 1 
=-~(~(~~-x~-l)2+(Yi-Yi-l)2-l)+ cx,_xi~~~-~y,_y~_ >2 
1 I I I 
+ $( txi+l - xi)2 + (Yi+l - Yij2 - l)+ (Xi+l _ f;: Syyi+l _ y.)2 - $2 
I I 
+ g + if(-ri, t).
As we double the number of particles in modelling a cable, I is reduced by half. Hence, k is 
increased by a factor of two. Our method of solving this system is to use the second-order Runge- 
Kutta method using high precision. We would vary A and ,u of the forcing term over a wide range 
of values and study the long-term solutions (e.g., [ 171). If /\ is extremely small, or zero, we expect 
that for small initial values, the solutions of (3) converge to small-amplitude solutions. 
One check of the accuracy of this scheme is immediately available. The static deflection, in the 
absence of time-dependent forcing, of the hanging extensible cable is available as an analytic formula 
in the literature IS]. One can also find this deflection by taking A equal to zero, and solving the 
initial-value problem until a steady state is reached. This was the first precaution we took, and we 
found excellent agreement with as few as fifteen particles. 
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Fig. 2. Two different periodic solutions for a forcing term given by f(&, t) = A sinpt sin?r.?i with p = 5.2 and A = 0.2. 
(a) is the small linear solution which is arrived at after a long time when the initial conditions are close to equilibrium and 
(b) shows the last two periods of the periodic solution arrived at with a large initial displacement. This large-amplitude 
solution is of double the period of the forcing term. 
3. Long-term response of the system to periodic forcing 
In this section, we consider the long-term solutions of the 63-particle case. 
We shall organize our conclusions according to the different forcing terms and the solutions which 
result. First, we deal with purely vertical forcing of a one-noded variety. 
Then we examine the response to a multiple-noded forcing. After that, we examine the case where 
the forcing arises from the periodic motion of the two supporting points, when they are first in phase, 
and then when they are 180” out of phase. 
In all the numerical results that we present below, we let the total mass of the cable M be 5, the 
unstretched length of the cable L be 1.2, c = i and EA = 19.2. Hence with N = 63 being the number 
of particles discretizing the cable, 1 = C/ (N + 1) = &, p = JVI/L = $ and k = EA/l = 1024. 
3.1. No-noded forcing 
The first conclusion we can make about the response of the cable to small periodic forcing is that 
as long as the initial conditions remain small, the vibrating string model is a reasonable reflection of 
the behaviour of the coupled masses, as N gets large. In Fig. 2(a), we show a typical small-amplitude 
solution of the initial-value problem after a long time (several hundred periods) had elapsed. The 
same behaviour is observed over a wide range of frequencies with the caution that near linear 
resonance, the amplitude of the forcing term had to be taken very small. 
However, in the event of large initial displacement, even after large time, small amplitude of the 
forcing term and existence of a small linear solution did not guarantee that the long-term solution of 
the initial-value problem would converge to that solution. 
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Fig. 3. Here p = 4.6, A = 0.8. It shows the contrasting long-term behaviour which occurs at lower frequency than that of 
Fig. 2. Depending on initial conditions, the solution of the initial-value problem can converge to the small approximately 
linear solution or can continue in a near-periodic large-amplitude motion, which is approximately of the same period as the 
forcing term. 
In fact, two separate types of large-amplitude behaviour were observed computationally, which 
occurred over a wide range of amplitudes and frequencies. 
The first type of nonlinear behaviour was a solution of double the period of the forcing term. 
This is shown in Fig. 2(b). This solution is found to be as perfectly periodic as one can verify by 
numerical experiments. It is noted that the same forcing parameters have been employed in obtaining 
this solution. Hence multiple periodic solutions exist for galloping cables. 
The second type of nonlinear behaviour which was observed after long time was a large-amplitude 
solution which appeared to be no-noded and of the same approximate period as the forcing term 
(see Fig. 3). However, it was not perfectly periodic and seemed to continue in the same mode of 
behaviour for as long as it was feasible to check computationally. There is a possibility that it was a 
solution of very long period but we were unable to answer this question. 
Another surprising feature of this large-amplitude solution shown is that it develops a small but 
pronounced longitudinal motion. This was unexpected, since the forcing term was purely vertical 
and symmetric about the midpoint. This type of solution is shown in Fig. 3, along with the small- 
amplitude solution which exists close to equilibrium. Careful numerical experimentation has enabled 
us to conclude that this is an essential feature of the problem and not a numerical artifact. In fact, 
the simple suspended single-mass problem has precisely the same type of tendency to longitudinal 
motion, and we have analyzed this situation exhaustively [ 31. 
As the frequency of the forcing term decreases in an interval about the linear resonance frequency, 
as one might expect from prior numerical experience with simpler asymmetric systems [ lo], the 
amplitude of the large solutions tend to increase and as this increase takes place, the solution 
becomes more disorganized and longitudinal in character. Of course, if the amplitude of the forcing 
term becomes too small to overcome the loss of energy due to damping, then convergence to the 
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Fig. 4. The large- and small-amplitude solutions of the forcing term f(&, t) = A sin,ut sin 3rZi for ,U = 4.8 and A = 4.6 are 
presented by (a) and (b), respectively. We sample five solution profiles at an equally spaced time interval in one forcing 
period. In this and all subsequent figures, the profiles in the last four periods are shown. 
small-amplitude solution occurs anyway. 
The previous experiments are representative of the large number of experiments conducted in the 
course of this investigation, which allowed us to form three principal conclusions. 
( 1) The long-term behaviour is sensitive to initial conditions in that large-amplitude initial condi- 
tions can give rise to persistent large-amplitude solutions, even when small-amplitude solutions exist 
for the given amplitude of forcing. 
(2) These solutions reflect the nodal character of the forcing term, being either perfectly periodic 
with period precisely double that of the forcing term, or fuzzily periodic, with a period approximately 
that of the forcing term (the latter occur over a wider range of frequency and amplitude than the 
former). 
(3) Purely vertical forcing can cause the cable to go into a large-amplitude primarily vertical 
motion with a pronounced longitudinal component. 
3.2. Two-noded forcing 
We decided to see the effect of changing the nodal structure of the forcing term to a two-noded 
type to see whether the nodal structure of the large-amplitude solutions would always reflect that of 
the forcing term. We found first that around the frequencies that we investigated in Section 3.1, much 
larger values of A were needed to induce the small linear solutions to be of comparable magnitude 
to those already discovered in the prior subsection. 
Having increased the A to a sufficient magnitude, what we found is that the same large-amplitude 
no-noded solutions previously observed would also occur for a forcing term of the type f(%, t) = 
A sin put sin 3rXi. Thus, large-amplitude oscillations of the type previously observed exist regardless 
of the precise structure of the forcing term, but probably depend only on the frequency. 
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In Fig. 4, we show the small- and large-amplitude solutions for the given values of A and ,u. 
We might add that at higher frequencies, the two-noded forcing could result in either large or 
small motions of a somewhat disorganized type, which could be either one-noded or two-noded in 
character. 
4. Forcing induced by vibrations in the supporting towers 
In this section, we review the effect of inducing motion by vibrations of the supporting towers. The 
origins of these vibrations shall be left unspecified, although we note the existence of a substantial 
literature on the subject of aerodynamic effects on towers [ 81. 
In the case of the vertical vibrations of the Tacoma Narrows bridge prior to its collapse, it was 
observed that the large-amplitude vertical oscillations were accompanied by motions of the towers 
which were of two different types, which were coupled by motions in the side spans. It was observed 
that the towers might be oscillating in the plane of the bridge, either in phase with each other or 180” 
out of phase with each other. 
In this section, we briefly consider the effect of this type of external forcing term on the motions 
of the cable. Again we found that long-term behaviour was dependent on initial conditions. 
First we consider the case where the two supporting points are displaced horizontally so that the 
point PO, instead of remaining at (0, 0), is at (-A sin(@), 0), and the point Pi, instead of remaining 
at ( 1,O) is at ( 1 + A sin( ,uut) , 0) . This is the case where the two supports are out of phase. 
Two types of solution were observed: a small linear-type solution which was consistent with the 
linear vibrating string theory and a large-amplitude primarily vertical motion which seemed rather 
similar to the large-amplitude solutions which were observed as a result of vertical forcing. Both 
lbZ IIZ 1 I 
- -x- . - -&!- z.5 I 
Fig. 5. When the supporting towers move periodically in an out-of-phase fashion, the long-term result, depending on initial 
conditions, can be either a small, approximately linear two-noded motion, or a large-amplitude vertical oscillation which is 
strikingly similar to that induced by vertical forcing. 
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Fig. 6. If the supports move in phase, the long-term result can be either a small longitudinal motion or an extremely large 
longitudinal one. 
solutions are shown in Fig. 5. 
If the towers move in phase, the result is dramatically different. 
supports can result in either small or large motions (Fig, 6). The 
and can be extremely large in amplitude. 
Much smaller displacements in the 
motions are primarily longitudinal, 
This may well be the explanation of why suspension bridge cables develop longitudinal motions, 
since the towers of the suspension bridges have been known to oscillate in both the in-phase and 
out-of-phase mode, possibly due to motions in the side spans [ I]. 
5. Concluding remarks 
This paper has discussed the discretized loaded cable. As a result of careful and exhaustive compu- 
tational experiments, only some of which are covered here, we arrived at the following conclusions. 
Over a wide range of frequencies and amplitudes, the long-term behaviour of the system is highly 
initial-condition dependent. If the initial conditions are close to equilibrium, the solution will be 
close to a linear small-amplitude solution. On the other hand, if there is a large initial displacement, 
the solution after large time may either converge to the small linear solution or may remain in a 
large-amplitude solution. 
This resulting large-amplitude galloping solution may be of at least two different types. It may 
be a purely periodic solution, of period twice that of the forcing term, or it may be a near-periodic 
somewhat disorganized solution which is of the same approximate period as the forcing term. This 
second type of solution shows a pronounced longitudinal motion, even in the presence of purely 
vertical forcing and initial conditions. 
We are unsure at this point whether there are large-amplitude solutions which are symmetric and 
of the same period. This may become unstable in certain regions of the parameter space, which could 
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explain the transition to the unsymmetric solutions. Further investigation of the bifurcation picture of 
this system will undoubtedly yield additional information. 
In the case of fewer particles, such as fifteen, the unsymmetric and longitudinal behaviour was more 
pronounced. As the number of particles was increased to 64, 127, some of this behaviour decreased, 
although it did not disappear. 
As the number of particles was increased, we got convergence for both the small- and large- 
amplitude periodic solutions. Indeed, the reason we do not illustrate the case for the larger number 
of particles is that it would be identical with Figs. 2 and 3. 
In discussing the motions of the cable of a suspension bridge, probably the more discrete case with 
fewer particles would be a better model than the more continuous case, although it is worth noting 
that standard models in the engineering literature treat the cable as a linear vibrating string. 
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